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Unstable situations

(Bα +Rα)-config. (
∑
Biα +Rα)-config. (u∞ +

∑
Biα +Rα)-config. Unbounded Energy

(Sn, g0), n ≥ 3 (Sn/G, g0), n ≥ 6 (S6, g0), h > 6 (Sn/G, g0), n ≥ 6,

hα ≡ n(n−2)
4 hα

C1

→ n(n−2)
4 hα

C1

→ h, 1-Bubble, hα → n(n−2)
4

(Historical) (Druet-Hebey, 2004) u∞ 6≡ 0 (Druet-Hebey, 2004)
(Druet-Hebey, 2009)

(M, g), n ≥ 4, Yg > 0, (M, g), n ≥ 6, (Sn, g0), n ≥ 5, hα ≡ λ,

hα
C∞

→ n−2
4(n−1)Sg non conf. flat, Yg > 0, λ > n(n−2)

4

(Esposito-Pistoia hα
Cr

→ n−2
4(n−1)Sg (Chen-Wei-Yan, 2011)

-Vétois, 2013) (Robert-Vétois, 2013)
(S3, g0), ∃(θk)k res. states (M, g), n ≥ 6, non

θ1 = 3
4 < θk, k ≥ 2, conf. flat, Yg > 0,

θk → +∞, λα → θk hα
Cr

→ n−2
4(n−1)Sg

(Hebey-Wei, 2012) (Esposito-Pistoia
(Sn, g̃), g̃ non conf. Vétois, Robert-Vétois,

flat, n ≥ 25, 2013)
hα ≡ n−2

4(n−1)Sg̃
(Brendle, 2008;

Brendle-Marques, 2009)
(M, g), n ≥ 4, conf. flat,

hα
C∞

→ n−2
4(n−1) maxM Sg̃

for some g̃ ∈ [g], Sg̃ max.
at only one point

(Hebey-Vaugon, 2001)

Stable situations

Bounded stability Analytic stability

(M, g), n ≥ 3, Yg > 0, (M, g), n ≥ 4
h < n−2

4(n−1)Sg ∆g + h coercive, n 6= 6,

(Li-Zhu, n = 3, 1999; Druet, h 6= n−2
4(n−1)Sg

n ≥ 4, 2004; see also (Druet, 2003; see also
Druet-Hebey-Vétois, 2010) Druet-Hebey, 2009)

Compactness
(M, g) conf. flat or 3 ≤ n ≤ 24,
Yg > 0, (M, g) 6= (Sn, g0),

hα ≡ n−2
4(n−1)Sg

(Schoen, 1991; Khuri-Marques-
Schoen, 2009)
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[14] Robert, F., and Vétois, J., Examples of non-isolated blow-up for perturbations of the scalar curvature equation, Preprint,

2012.

[15] Schoen, R.M., On the number of constant scalar curvature metrics in a conformal class, Differential Geometry: A Symposium
in Honor of Manfredo do Carmo, Proc. Int. Conf. (Rio de Janeiro, 1988). Pitman Monogr. Surveys Pure Appl. Math., vol. 52,

Longman Sci. Tech., Harlow, 1991, 311–320.

Some More References

[1] Ambrosetti, A., and Malchiodi, A., Perturbation methods and semilinear elliptic problems on Rn, Progress in Mathematics,

vol. 240, Birkhauser Verlag, Basel, 2006.
[2] Bahri, A., Critical points at infinity in some variational problems, Pitman Research Notes in Mathematics Series, 182. Longman

Scientific & Technical, Harlow; copublished in the United States with John Wiley & Sons, Inc., New York, 1989.

[3] Berti, M., and Malchiodi, A., Non-compactness and multiplicity results for the Yamabe problem on Sn, J. Funct. Anal., 180,
2001, 210–241.

[4] Brendle, S., Blow-up phenomena for the Yamabe equation, J. Amer. Math. Soc., 21, 2008, 951–979.

[5] , Convergence of the Yamabe flow for arbitrary initial energy, J. Diff. Geom., 69, 2005, 217–278.

[6] , Convergence of the Yamabe flow in dimension 6 and higher, Invent. Math., 170, 2007, 541–576.

[7] Brendle, S., and Marques, F.C., Blow-up phenomena for the Yamabe equation II, J. Differential Geom., 81, 2009, 225–250.
[8] , Recent progress on the Yamabe problem, Surveys in Geometric Analysis and Relativity, Advanced Lectures in Math-

ematics, 20, 2011, 29–47.

[9] Chen, W., Wei, J., and Yan, S., Infinitely many solutions for the Schrödinger equation in RN with critical growth, J. Diff.
Equations, 252, 2012, 2425–2447.

[10] del Pino, M., Musso, M., Pacard, F., and Pistoia, A., Large Energy Entire Solutions for the Yamabe Equation, J. Diff.

Equations, 251, 2011, 2568–2597.
[11] , Torus action on Sn and sign changing solutions for conformally invariant equations, Ann. Scuola Norm. Sup. Pisa,

12, 2013, 209–237.

[12] Devillanova, G., and Solimini, S., Concentration estimates and multiple solutions to elliptic problems at critical growth, Adv.
Differential Equations, 7, 2002, 1257–1280.

[13] Druet, O., From one bubble to several bubbles: The low-dimensional case, J. Differential Geom., 63, 2003, 399–473.
[14] , Compactness for Yamabe metrics in low dimensions, Internat. Math. Res. Notices, 23, 2004, 1143–1191.
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[61] , Examples of non-isolated blow-up for perturbations of the scalar curvature equation, Preprint, 2012.

[62] Schoen, R.M., Lecture notes from courses at Stanford, written by D.Pollack, preprint, 1988.
[63] , Variational theory for the total scalar curvature functional for Riemannian metrics and related topics, Topics in

Calculus of Variations (Montecatini Terme, 1987), Lecture Notes in Math., vol. 1365, Springer-Verlag, Berlin, 1989, 120–154.
[64] , On the number of constant scalar curvature metrics in a conformal class, Differential Geometry: A Symposium in

Honor of Manfredo do Carmo, Proc. Int. Conf. (Rio de Janeiro, 1988). Pitman Monogr. Surveys Pure Appl. Math., vol. 52,

Longman Sci. Tech., Harlow, 1991, 311–320.
[65] , A report on some recent progress on nonlinear problems in geometry, Surveys in Differential Geometry (Cambridge,

1990), Suppl. J. Diff. Geom., vol. 1, Lehigh University, Pennsylvania, 201–241, 1991.

[66] Schoen, R.M., and Zhang, D., Prescribed scalar curvature on the n-sphere, Calc. Var. Partial Differential Equations, 4, 1996,
1–25.

[67] Struwe, M., A global compactness result for elliptic boundary value problems involving limiting nonlinearities, Math. Z., 187,

1984, 511–517.
[68] Thizy, P.D., Klein-Gordon-Maxwell equations in high dimensions, Preprint, 2013.
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